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Introduction to the theory of schemes Moscow lect is a fundamental topic in modern algebraic
geometry, offering a unifying framework that generalizes classical algebraic varieties. This lecture
series, often associated with prominent mathematical institutions in Moscow, aims to introduce
students and researchers to the core concepts, constructions, and applications of the theory of
schemes. Understanding schemes is essential for exploring advanced topics in algebraic geometry,
number theory, and related fields, making it a crucial component of contemporary mathematical
education and research.

In this article, we will provide a comprehensive overview of the theory of schemes, focusing on the
motivation behind their development, foundational definitions, key properties, and their significance
within the broader context of algebraic geometry. We will also highlight the structure of typical
Moscow lectures on this subject, emphasizing pedagogical approaches and the progression of
topics.

What is the Theory of Schemes?

The theory of schemes was introduced by Alexander Grothendieck in the 1960s as a revolutionary
approach to algebraic geometry. It extends the classical notion of algebraic varieties by allowing
more flexible and general objects that can encode complex geometric and arithmetic information.

Classical Algebraic Geometry vs. Scheme Theory

Traditional algebraic geometry predominantly deals with algebraic varieties?geometric objects
defined as the solutions to polynomial equations over a field. While powerful, this framework has
limitations, especially when dealing with:

- Singularities

- Non-closed points

- Arithmetic over rings instead of fields
- Base change phenomena

Scheme theory addresses these issues by generalizing varieties to schemes, which are locally
modeled on spectra of rings, thereby accommodating more general algebraic structures.
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Foundations of Scheme Theory

Understanding schemes begins with grasping some fundamental algebraic concepts and their
geometric interpretations.

Basic Definitions

- Ring: An algebraic structure consisting of a set equipped with two binary operations, addition
and multiplication, satisfying certain axioms.

- Spectrum of a Ring (Spec R): The set of all prime ideals of a ring R, equipped with the Zariski
topology. This set forms the building block of schemes.

- Locally Ringed Space: A topological space equipped with a sheaf of rings such that each stalk is
a local ring.

Definition of a Scheme

A scheme is a locally ringed space that is locally isomorphic to the spectrum of a ring. More
precisely:

- A scheme (X, ?X) is a topological space X together with a sheaf of rings ?X such that every
point has an open neighborhood U where (U, ?X|U) is isomorphic to (Spec R, ?Spec R) for some
ring R.

This local model allows schemes to be viewed as "glued together” from spectra of rings, similar to
how manifolds are assembled from Euclidean spaces.

Key Properties and Examples of Schemes

Understanding schemes involves exploring their properties and canonical examples.

Basic Properties

- Local nature: Schemes are determined by local data, making local analysis and gluing essential
tools.

- Morphisms of schemes: Structure-preserving maps that respect the sheaf structure, enabling
the study of geometric relationships.

- Open and closed subschemes: Subschemes defined by certain ideals, allowing for the study of
subvarieties and degenerations.
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Examples of Schemes

- Affine Schemes: Spec R for a ring R?these are the simplest schemes and serve as building
blocks.

- Projective Schemes: Constructed by gluing affine schemes to model projective varieties.

- Varieties as Schemes: Classical algebraic varieties can be viewed as schemes that are integral,
separated, and of finite type over a field.

Significance of Schemes in Modern Mathematics

Schemes have transformed algebraic geometry by providing:

- A framework capable of handling singularities and non-smooth objects.

- Tools for arithmetic geometry, including schemes over rings of integers.

- A language compatible with cohomological methods and sheaf theory.

- Foundations for advanced topics such as moduli spaces, deformation theory, and motivic
homotopy.

Structure of Moscow Lectures on the Theory of Schemes

Moscow-based courses on the theory of schemes typically follow a structured approach, balancing
rigorous definitions with illustrative examples and applications.

Typical Lecture Progression

- Introduction to rings, ideals, and spectra

- Sheaves and locally ringed spaces

- Construction of affine schemes and morphisms

- Gluing affine schemes to form general schemes

- Morphisms, fiber products, and base change

- Special classes of schemes: separated, proper, smooth

- Applications to algebraic number theory and arithmetic geometry

Pedagogical Approach

- Emphasis on geometric intuition alongside algebraic formalism
- Use of diagrams and visual aids to illustrate gluing and morphisms
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- Incorporation of classical examples to solidify understanding
- Assignments and problem sets to encourage active learning
- Discussions on advanced topics like cohomology and moduli problems for graduate students

Applications and Further Topics

Once the foundational elements are established, Moscow lectures often delve into advanced
applications, including:

- Arithmetic Geometry: Studying solutions to polynomial equations over number rings.

- Moduli Spaces: Classifying algebraic objects up to isomorphism.

- Deformation Theory: Investigating how geometric objects vary in families.

- Homological Methods: Sheaf cohomology, derived categories, and their roles in understanding
schemes.

Conclusion

The introduction to the theory of schemes Moscow lect covers a crucial and sophisticated segment
of modern algebraic geometry. By understanding schemes, mathematicians gain a versatile
language and toolkit for exploring a wide array of geometric and arithmetic phenomena. The lectures
typically aim to build intuition alongside formal rigor, ensuring students can navigate from basic
definitions to advanced research topics.

Whether you are a graduate student beginning your exploration or a researcher seeking to deepen
your understanding, mastering scheme theory opens doors to numerous areas of contemporary
mathematics. Moscow's educational approach, with its structured progression and emphasis on both
theory and application, provides an excellent pathway for developing expertise in this fundamental
domain.

Introduction to the Theory of Schemes Moscow Lecture: A Deep Dive into Modern Algebraic
Geometry

In the realm of modern mathematics, the theory of schemes stands as one of the most profound and
unifying frameworks in algebraic geometry. Recently, a series of lectures held in Moscow has
brought renewed focus to this intricate subject, offering an accessible yet rigorous introduction for
students, researchers, and enthusiasts alike. This article aims to unpack the core ideas presented in
these lectures, providing a comprehensive overview of the theory of schemes and its significance in
contemporary mathematics.

The Genesis and Significance of Schemes in Algebraic Geometry
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Origins of the Theory

Algebraic geometry, traditionally centered around studying solutions to polynomial equations,
evolved significantly over the 20th century. Classical approaches focused on algebraic
varieties?geometric objects defined as the zeros of polynomial equations over algebraically closed
fields. While powerful, classical methods faced limitations when dealing with more general contexts,
such as varieties over arbitrary fields or rings.

The pioneering work of Alexander Grothendieck in the 1960s revolutionized the field by introducing
the concept of schemes. Schemes generalize algebraic varieties, encompassing a broader class of
geometric objects that can be "glued” together from spectra of rings. This approach unified various
strands of algebraic geometry and opened doors to new research avenues, including number theory
and arithmetic geometry.

Why Is the Theory of Schemes Important?

- Unified Framework: Schemes provide a common language for algebraic geometry over different
base rings, not just fields.

- Flexibility: They accommodate singularities, non-reduced structures, and arithmetic phenomena.

- Bridging Disciplines: Schemes connect algebraic geometry with number theory, complex
analysis, and topology.

- Foundation for Modern Research: Many advanced topics, such as étale cohomology and
motivic homotopy theory, rely heavily on the language of schemes.

The Moscow lectures aim to introduce these foundational ideas systematically, making the subject
accessible while maintaining mathematical rigor.

Core Concepts in the Theory of Schemes
What Is a Scheme?
At its core, a scheme can be thought of as a space that locally resembles the spectrum of a ring.
The notion of spectrum is crucial here:
- Spectrum of a Ring: Denoted as Spec(R), it is the set of all prime ideals of a ring R, equipped

with the Zariski topology and a structure sheaf that encodes algebraic functions.

Definition (Informal): A scheme is a topological space together with a sheaf of rings, such that every
point has an open neighborhood isomorphic to the spectrum of some ring.
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This local-to-global perspective allows mathematicians to study complex geometric objects by
understanding their local algebraic properties.

Building Blocks: Affine Schemes
- Affine schemes are the simplest schemes, directly modeled on spectra of rings.
- They serve as the building blocks for more complicated schemes, which are constructed by
gluing affine schemes together.
Gluing Affine Schemes
Much like constructing a manifold from coordinate charts, schemes are assembled by identifying

compatible open subsets of affine schemes. This process involves:

- Defining open coverings
- Establishing isomorphisms on overlaps
- Ensuring consistency across the entire space

This approach provides immense flexibility, allowing the construction of schemes with intricate
topological and algebraic structures.

The Structural Sheaf and Its Role
Sheaves in Algebraic Geometry
A sheaf assigns algebraic data (like rings or modules) to open subsets of a topological space,
respecting restriction maps. In schemes:
- The structure sheaf assigns to each open set a ring of functions.
- It encodes algebraic information about the scheme's local structure.
Significance of the Sheaf
The structure sheaf allows us to:

- Recover local algebraic properties from geometric data.
- Define morphisms between schemes via compatible maps of sheaves.
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- Study properties like smoothness, singularities, and dimension through local algebra.
Morphisms of Schemes and Their Properties
Understanding Morphisms
Morphisms are structure-preserving maps between schemes, analogous to functions between

geometric spaces. They enable:

- Comparing schemes
- Studying how geometric objects relate
- Analyzing parameter spaces and moduli
Key Properties
- Dominant: The image is dense.
- Finite: The pre-image of any point is finite.
- Etale: Smooth and unramified, akin to covering spaces in topology.

- Proper: Analogous to compactness, ensuring certain finiteness conditions.

The lecture series emphasizes how these properties influence the behavior of schemes and their
interrelations.

Examples and Applications
Classical Varieties as Schemes
Every algebraic variety over an algebraically closed field can be viewed as a scheme. This
perspective:
- Extends beyond classical varieties to more general objects.
- Facilitates the study of schemes over rings like the integers.

Number Theory and Arithmetic Geometry

Schemes underpin modern number theory, enabling:



Introduction to the theory of schemes moscow lect Reference Vol. 2025, Issue 1

- The formulation of Diophantine equations in a geometric framework.
- The development of étale cohomology for solving longstanding problems.
- Insights into the distribution of rational points and solutions over various fields.

Moduli Spaces

Schemes serve as parameter spaces classifying algebraic objects?such as curves, vector bundles,
or sheaves?leading to profound advances in understanding geometric families.

The Moscow Lecture Series: Pedagogical Approach and Highlights
Target Audience and Goals

The lectures are designed to:

- Introduce the fundamental concepts of schemes.

- Connect algebraic and geometric intuition.

- Provide rigorous definitions alongside motivating examples.

- Prepare students for advanced research in algebraic geometry and related fields.

Teaching Methodology

- Step-by-step development: Starting from basic algebraic structures, gradually introducing
topological and sheaf-theoretic concepts.

- Rich examples: From affine schemes to complex constructions.

- Problem-solving sessions: Reinforcing understanding through exercises.

- Historical context: Emphasizing the evolution and significance of the theory.

Key Topics Covered

- Spectrum of a ring and Zariski topology

- Sheaves and locally ringed spaces

- Gluing schemes and constructing new examples
- Morphisms and their properties

- Fiber products and base change

- Singularities and smoothness

- Projective schemes and their significance
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The Impact and Future Directions

The theory of schemes remains a dynamic and evolving area of mathematics. The Moscow lectures
contribute to:

- Broadening understanding among emerging mathematicians.
- Bridging gaps between algebra, geometry, and number theory.
- Inspiring new research problems and collaborations.

As the field advances, schemes continue to serve as a foundational framework for exploring the
deepest questions in algebraic geometry, number theory, and beyond.

Conclusion

The "Introduction to the Theory of Schemes" Moscow lecture series encapsulates a pivotal moment
in contemporary mathematics education. By distilling the complex ideas behind schemes into an
accessible format, it empowers a new generation of mathematicians to harness this powerful
framework. Whether viewed as an elegant unification of algebraic geometry or as a springboard for
future discoveries, schemes undoubtedly stand at the heart of modern mathematical thought.

QuestionAnswer What is the main goal of the 'Introduction to the Theory of Schemes' Moscow
lecture series? The main goal is to introduce students to the foundational concepts of scheme
theory, including the definition of schemes, their properties, and applications in modern algebraic
geometry. Which prerequisites are necessary to understand the 'Introduction to the Theory of
Schemes' Moscow lectures? A solid background in commutative algebra, algebraic geometry
basics, and familiarity with sheaf theory are recommended prerequisites for comprehending the
material presented in the lectures. How does the lecture series approach the concept of schemes
compared to classical algebraic geometry? The series systematically builds from the basics of affine
schemes to more complex structures, emphasizing the functor of points perspective and the
unification of various geometric objects within the scheme framework, contrasting with more
classical, coordinate-based approaches. Are there any significant recent developments or
applications highlighted in the Moscow lecture series on schemes? Yes, the lectures discuss
contemporary applications such as moduli spaces, deformation theory, and connections to number
theory, illustrating the relevance of schemes in current research. What are some common
challenges students face when studying the theory of schemes from these lectures? Students often
find the abstraction level high, particularly in grasping the categorical language, the sheaf-theoretic
concepts, and the transition from classical varieties to schemes. How can students best prepare for
and follow along with the 'Introduction to the Theory of Schemes' Moscow lecture series? Students
should review foundational topics in commutative algebra and algebraic geometry, familiarize
themselves with basic category theory and sheaf concepts, and actively work through exercises to
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reinforce understanding of the abstract definitions and constructions.

Related keywords: algebraic geometry, scheme theory, Grothendieck topology, algebraic varieties,
sheaf theory, scheme morphisms, spectral spaces, localization, coherence, base change

an introduction to ergodic theory graduate texts i

An introduction to ergodic theory graduate texts i serves as a foundational guide for graduate
students venturing into this fascinating branch of mathematics. Ergodic theory, at its core, explores
the long-term average behavior of dynamical systems and their statistical properties. It has profound
applications across mathematics, physics, and even in fields like economics and computer science.
For students beginning their journey, selecting the right graduate texts is crucial for building a solid
understanding, developing intuition, and engaging with current research directions. This article aims
to provide a comprehensive overview of essential ergodic theory texts, their key features, and how
they can serve as effective learning tools.

Understanding the Foundations of Ergodic Theory

Before diving into specific texts, it?s important to understand what ergodic theory encompasses and
why it?s a vital area of study. This section offers a brief overview of the fundamental concepts and
the scope of graduate-level texts.

What is Ergodic Theory?

Ergodic theory studies the behavior of measure-preserving transformations on probability spaces.
Essentially, it addresses questions like: How do points in a dynamical system distribute over time?
Do the time averages of functions along trajectories converge to space averages? These questions
are rooted in the ergodic hypothesis, which originated from statistical mechanics.

Key concepts include:

- Measure-preserving transformations
- Ergodicity and mixing

- Invariant measures

- Birkhoff?s Ergodic Theorem

- Unigue ergodicity
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Understanding these ideas lays the groundwork for exploring more advanced topics covered in
graduate texts.

Essential Graduate Texts in Ergodic Theory
Choosing the right textbooks is essential for mastering ergodic theory. The following sections
highlight some of the most influential and widely recommended graduate-level texts, discussing their
strengths and targeted audiences.
1. "An Introduction to Ergodic Theory" by Peter Walters
Walters? book is often considered a classic starting point for graduate students.
Key features:
- Clear and rigorous presentation
- Focuses on measure-theoretic foundations
- Covers fundamental theorems such as Birkhoff?s and von Neumann?s

- Includes numerous exercises for practice

This text is ideal for students new to the field, providing a solid theoretical foundation before moving
to more specialized topics.

2. "Ergodic Theory" by Karl Petersen
Petersen?s work is comprehensive and slightly more advanced.
Key features:
- Emphasizes both measure-theoretic and topological dynamics
- Discusses entropy, mixing, and applications
- Contains detailed proofs and examples

- Suitable for students with some background in measure theory and topology

This book bridges foundational concepts with more recent developments, making it a good next step
after Walters.

3. "Introduction to Ergodic Theory" by Ya. G. Sinai
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Sinai?s text offers a blend of intuition and formalism.

Key features:

- Focuses on the intuition behind the theorems

- Connects ergodic theory with statistical mechanics

- Includes historical notes and motivations

- Suitable for students who prefer a conceptual approach

Additional Resources and Advanced Texts

Graduate students aiming to deepen their understanding should explore more specialized and
advanced texts. Here are some noteworthy options:

1. "Ergodic Theory and Differentiable Dynamics" by Anatole Katok and Boris
Hasselblatt

This comprehensive volume covers a broad spectrum of topics.
Highlights:

- Smooth ergodic theory

- Hyperbolic systems and Anosov diffeomorphisms

- Structural stability

- It is suitable for students interested in the interface between ergodic theory and differential
dynamics.

2. "Measure Theory and Probability” by Malcolm Adams and Victor Guillemin

While broader in scope, this book provides valuable measure-theoretic background essential for
advanced ergodic theory.

Strategies for Studying Ergodic Theory Graduate Texts

Mastering ergodic theory requires more than just reading; active engagement is key. Here are some
tips for making the most of these texts:

- Start with the basics: Ensure a solid understanding of measure theory, topology, and
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functional analysis.

- Work through exercises: Practice problems reinforce concepts and develop problem-solving
skills.

- Supplement with lectures and seminars: Engage with online courses or university seminars
for different perspectives.

- Form study groups: Discussing complex topics with peers enhances understanding.

- Connect theory to applications: Explore how ergodic theory applies to physics, information
theory, and other fields.

Conclusion

An introduction to ergodic theory graduate texts provides a roadmap for students embarking on this
mathematical journey. Starting with foundational books like Walters? "An Introduction to Ergodic
Theory" offers an accessible entry point, while advanced texts like Katok and Hasselblatt?s work
open doors to current research areas. By selecting appropriate resources, actively engaging with the
material, and connecting theory with applications, students can develop a deep and lasting
understanding of ergodic theory. Whether your interest lies in pure mathematics, statistical
mechanics, or dynamical systems, the right graduate texts are invaluable tools for your academic
and research pursuits in ergodic theory.

An Introduction to Ergodic Theory Graduate Texts: A Comprehensive Guide for Students and
Enthusiasts

Embarking on the study of ergodic theory graduate texts opens a gateway to a rich and profound
branch of mathematics that intersects dynamical systems, measure theory, probability, and
statistical mechanics. For graduate students venturing into this field, selecting the right textbooks
can significantly influence their understanding and appreciation of the subject. This guide aims to
shed light on the foundational texts, their structure, strengths, and how they serve as stepping
stones into the depths of ergodic theory.

Understanding the Foundations of Ergodic Theory

Before diving into specific texts, it?s crucial to grasp what ergodic theory entails. At its core, ergodic
theory studies the long-term average behavior of dynamical systems with an invariant measure. Its
applications range from statistical physics and information theory to number theory and chaos

theory.

Key concepts include:

- Measure-preserving transformations
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- Invariant measures

- Ergodicity and mixing

- Birkhoff?s Ergodic Theorem

- Ornstein's theory of Bernoulli flows

Graduate texts in ergodic theory typically assume familiarity with measure theory, topology, and
basic dynamical systems, making it a challenging yet rewarding subject for advanced students.

The Landscape of Graduate Texts in Ergodic Theory

Choosing a graduate-level textbook involves understanding its approach, prerequisites, and depth.
The major texts in the field can generally be categorized based on their focus: foundational theory,
applications, or a blend of both.

Classic and Seminal Texts

- "Ergodic Theory" by Peter Walters

- Overview: Widely regarded as a definitive introductory textbook, Walters? "Ergodic Theory" is
praised for clarity, rigorous proofs, and comprehensive coverage.

- Scope: It covers measure-preserving transformations, ergodic decomposition, mixing properties,
and entropy.

- Strengths:

- Well-structured for graduate courses

- Emphasizes the connection between measure theory and dynamics

- Includes numerous examples and exercises

- Prerequisites: Measure theory, basic topology, and some familiarity with dynamical systems.

- "An Introduction to Ergodic Theory" by Peter Walters

- Often considered the go-to text for graduate students or advanced undergraduates beginning
the subject.

- Focuses on core concepts with detailed proofs.

- Suitable as a primary textbook or supplementary resource.

Advanced and Specialized Texts
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- "Ergodic Theory via Joinings" by Eli Glasner

- Overview: Focuses on joinings, a sophisticated tool in ergodic theory, providing a modern
perspective.

- Audience: More suitable for students who have already mastered the basics and want to explore
advanced topics.

- Features: Incorporates recent developments, emphasizing the structural and classification
aspects of ergodic systems.

- "Entropy, Large Deviations, and Statistical Mechanics" by David Ruelle

- While broader in scope, this text delves into the thermodynamic formalism?a key area in ergodic
theory.
- Ideal for students interested in the applications of ergodic theory in statistical physics.

Textbooks with a Focus on Applications or Interdisciplinary Approaches

- "Ergodic Theory: with a view towards Number Theory" by Manfred Einsiedler and Thomas Ward

- Overview: Connects ergodic theory with number theory, providing applications to problems like
equidistribution and primes.

- Features: Combines rigorous theory with motivating applications, making it accessible and
engaging.

How to Choose the Right Graduate Text in Ergodic Theory

When selecting a textbook, consider the following factors:

- Prerequisites: Ensure you have a solid background in measure theory and topology.

- Focus Area: Decide whether you want a foundational understanding or a focus on particular
applications.

- Depth: Some texts offer a broad overview, while others delve into specialized topics.

- Teaching Style: Supplementary materials, exercises, and clarity of exposition can greatly impact
your learning.
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Recommended approach:

- Start with Walters? "Ergodic Theory" for a comprehensive foundation.
- Use other texts, like Glasner?s "Ergodic Theory via Joinings," for advanced topics.
- Supplement with research papers and lecture notes for recent developments.

Structuring Your Study of Ergodic Theory

To maximize your understanding, consider a structured approach:

- Build a Strong Measure Theory Foundation

- Review measure spaces, sigma-algebras, and integration.
- Study probability theory basics, as ergodic theory often involves probabilistic concepts.

- Understand Dynamical Systems

- Familiarize yourself with topological and measurable dynamics.
- Explore examples like rotations, shifts, and hyperbolic systems.

- Dive into Core Ergodic Concepts

- Invariant measures and ergodicity
- Birkhoff?s Ergodic Theorem
- Mixing properties and their implications

- Explore Advanced Topics

- Entropy theory

- Ornstein?s isomorphism theorem

- Joinings and structural classification

- Connections with number theory and statistical mechanics



Introduction to the theory of schemes moscow lect Reference Vol. 2025, Issue 1

Supplementary Resources and Learning Strategies

- Lecture series: Many universities offer free lecture notes; for example, the lecture series by
Peter Walters or others available online.

- Problem sets: Practice through exercises in textbooks or problem books.

- Research papers: Engage with current developments by reading papers in journals like Ergodic
Theory and Dynamical Systems.

- Discussion groups: Join seminars or study groups focused on ergodic theory.

Conclusion

An introduction to ergodic theory graduate texts is essential for anyone aiming to master the subject
at an advanced level. The journey begins with foundational texts like Peter Walters? "Ergodic
Theory," which offers clarity and depth, and then progresses into more specialized or
application-driven materials. By understanding the structure, prerequisites, and scope of these texts,
students can tailor their learning path effectively. With dedication, rigorous study, and engagement
with supplementary materials, mastering ergodic theory becomes an achievable and intellectually
rewarding pursuit.

Final Tips

- Be patient: The subject is challenging but immensely rewarding.

- Connect theory with examples: Visualize systems like rotations or shifts.

- Engage actively: Solve problems and participate in discussions.

- Keep abreast of current research: This enriches your understanding and opens new avenues.

Embark on this mathematical voyage with confidence?ergodic theory offers profound insights into
the behavior of complex systems and the nature of randomness and order in mathematics.

QuestionAnswer What is the primary focus of 'An Introduction to Ergodic Theory' by Peter
Walters? The book provides a rigorous introduction to ergodic theory, focusing on
measure-preserving transformations, ergodic theorems, and their applications in dynamical systems
and statistical mechanics. Which prerequisites are recommended before studying this text? A solid
background in measure theory, real analysis, and basic topology is recommended to fully grasp the
concepts presented in the book. How does the book approach the topic of ergodic theorems? It
systematically introduces the mean and pointwise ergodic theorems, providing proofs and
discussing their implications in the context of dynamical systems. Are there applications of ergodic
theory discussed in this graduate text? Yes, the book explores applications such as statistical
properties of dynamical systems, mixing, and entropy, illustrating how ergodic theory connects to
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various fields. Is this book suitable for self-study or primarily for classroom use? While designed as a
graduate textbook, it is also suitable for self-study due to its clear explanations, though some
background in measure theory is helpful. What makes 'An Introduction to Ergodic Theory' by Walters
a trending choice among graduate texts? Its comprehensive coverage, clear exposition, and

balance between theory and applications have made it a popular and influential resource in the field
of ergodic theory.

Related keywords: ergodic theory, measure theory, dynamical systems, invariant measures,
ergodicity, mixing, entropy, Birkhoff's theorem, stationary processes, ergodic decomposition
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